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Abstract
Quantum turbulence in thermal counterﬂow of superﬂuid 4He is studied at length scales comparable to the average distance 
between quantized vortices. The Lagrangian velocities of micrometer-sized deuterium particles, smaller here than , are calculated
in a planar section of the experimental volume by using the particle tracking velocimetry technique. It is conﬁrmed that the
Lagrangian velocity normalized distributions are strongly non-Gaussian, with power-law tails, in contrast to the nearly Gaussian
distributions obtained in classical turbulent ﬂows. The probability density functions of the velocity differences along the particle
trajectories, that is, the Lagrangian velocity structure functions of order 1, are also computed. Their shape changes from a strongly
non-Gaussian form to a nearly Gaussian one as the corresponding Lagrangian time delay increases, showing thus an unexpected
classical-like behavior.
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1. Introduction
Quantum turbulence, which is the subject of a fast developing ﬁeld research combining low temperature physics
and ﬂuid dynamics, can loosely be deﬁned as the most general form of motion of ﬂuids displaying superﬂuidity [1, 2].
Liquid 4He, which is commonly used in low temperature research, is one of such ﬂuids. It is called normal helium or
He I at temperatures larger than 2.17 K, at the saturated vapor pressure. He I exhibits a classical-like behavior and is
characterized by very low values of the kinematic viscosity (of the order of 10−4 cm2/s), compared to those of air (of
the order of 10−1 cm2/s) and water (of the order of 10−2 cm2/s). If the temperature T decreases further, liquid helium
undergoes a second order phase transition and changes dramatically its properties. It is then called He II or superﬂuid
4He and its viscosity can be considered null at 0 K, i.e., the ﬂuid is assumed inviscid in the zero-temperature limit and
its behavior cannot be accounted for by using the Navier-Stokes equation, as if it were a classical viscous ﬂuid. The
phenomenological two-ﬂuid model can instead be used to describe its physical properties with sufﬁcient accuracy.
Superﬂuid 4He is viewed as made of two interpenetrating ﬂuids. The gas of thermal excitations, that is, the normal
component of He II, can be considered as a viscous ﬂuid, carrying the entire entropy content of the liquid, while
the superﬂuid component of He II is assumed inviscid. The total density ρ of the liquid, deﬁned as the sum of the
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densities of its normal and superﬂuid components, ρn and ρs, respectively, depends weakly on temperature, while the
densities ρn and ρs display a much stronger temperature dependence (He II can be often considered entirely superﬂuid
at temperatures below 1 K).
The superﬂuid component of He II can be usefully described by an order parameter – a macroscopic wave function
– leading to the result that superﬂow is irrotational. In a multiply connected ﬂuid region, however, the circulation of
the superﬂuid velocity is not necessarily null but equal to an integer multiple of the quantum of circulation κ = h/m,
where h is the Planck constant and m denotes the atomic mass of 4He. This result can be seen as a quantum restriction
to the superﬂuid motion. In other words, quantized vortices, i.e., line singularities where the superﬂuid density is
null, can exist in superﬂuid helium. These vortices usually arrange themselves in a tangle and the dynamical behavior
of such a tangle constitutes an essential ingredient of quantum turbulence. The latter is then characterized by two
relevant length scales. These are the size of the vortex core ξ , of the order of 10−10 m, and the average distance
between quantized vortices , which depends on the type of quantum ﬂow and can be estimated as   L−1/2, where
L denotes the vortex line density, i.e., the length of vortex lines per unit volume [1, 2].
If a volume of superﬂuid 4He is suitably heated, the superﬂuid component moves towards the heater and converts
into the normal component that ﬂows away from the heater. This phenomenon is called thermal counterﬂow and
has no equivalent in classical ﬂuid mechanics. Thermal counterﬂow, which can be generated in relatively easy ways,
serves as a benchmark ﬂow in quantum turbulence studies since the pioneering experiments of Vinen half a century
ago [1, 2].
Signiﬁcant progress in understanding the physics of He II, and its relation to other ﬁelds of research, has been
recently obtained by using modern visualization methods, such as PIV (particle image velocimetry) and PTV (particle
tracking velocimetry) [3, 4]. The latter are indeed very valuable quantitative tools in classical ﬂuid mechanics research
and have been applied to study many scientiﬁc and industrial problems, e.g., see [5]. PIV can estimate the ﬂuid
velocity in a section of the ﬂow ﬁeld, by assuming a single smoothly varying velocity ﬁeld. PTV allows instead
the measurement of Lagrangian quantities, i.e., the velocity and its derivatives, in the visualized ﬂow ﬁeld. In both
techniques small particles are suspended in the ﬂuid and employed to trace its motion. They reﬂect the light of an
appropriate source, e.g., a laser beam, and their time-dependent positions are thus captured by suitable sensors, e.g., a
digital camera, and processed by purpose-made software.
Although application of visualization methods to cryogenic ﬂows is difﬁcult for both technical (optical access
to the experimental volume, choice of suitable particles) and, in the case of quantum ﬂows, fundamental reasons
(existence of two velocity ﬁelds, interaction of particles with quantized vortices), it already led, for example, to the
direct visualization of quantized vortices in He II [6]. Important results have been obtained in thermal counterﬂow
and include the observation of vortical structures around a cylinder [7], discovery of non-Gaussian velocity statistics,
linked to vortex reconnections [8], experimental evidence that the normal ﬂuid velocity ﬁeld may be turbulent [9],
and interesting ﬁndings on the mechanisms of particle trapping into the cores of quantized vortices [10]. Still, in
comparison with classical ﬂuid dynamics, the implementation of modern visualization methods to study quantum
ﬂows is in its infancy, sometimes posing more questions than giving clear answers. For example, the mechanisms of
particle trapping into the cores of quantized vortices and the vortical structures observed around cylinders in thermal
counterﬂow deserve further attention and study. There is consequently a clear call for more detailed experimental
analyzes by ﬂow visualization, which is being proven as a valuable tool to study cryogenic ﬂows. In order to fulﬁll
such a need, a novel experimental apparatus has been devised [11] and corresponding results, recently obtained in
thermal counterﬂow, are here reported and discussed.
2. Experimental apparatus
A low-loss custom-built cryostat is equipped with 25 mm diameter windows, which enable optical access to the
experimental volume, of square cross section (sides of 50 mm) and about 300 mm long (some experiments are per-
formed in a glass square channel, of 25 mm sides and about 100 mm long, inserted in the tail of the optical cryostat).
The windows are placed about 100 mm above the bottom of the experimental volume (50 mm above the bottom of
the glass channel). A purpose-made seeding system supplies micrometer-sized solid deuterium particles, obtained by
mixing at room temperature deuterium and helium gases and injecting the mixture into the helium bath. A continuous-
wave solid-state laser and suitable lenses are used to obtain a laser sheet of less than 1 mm thickness and height of
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Fig. 1. (Color online) Probability density function PDF of the normalized horizontal velocity u/usd , where usd is the standard deviation of u,
shown as a percentage of the total number of points of the trajectories having at least ﬁve points. Black squares: temperature T = 1.86 K, heat ﬂux
q = 595 W/m2, average distance between quantized vortices = 73 μm, 124579 points, and 3065 tracks; red circles: T = 1.75 K, q = 590 W/m2,
 = 72 μm, 146571 points, and 4417 tracks; green triangles: T = 1.66 K, q = 492 W/m2,  = 74 μm, 218260 points, and 8127 tracks; magenta
line: power-law ﬁt |u/usd |−3; dashed orange line: Gaussian ﬁt.
about 10 mm (the laser power, tuned to avoid noticeable disturbances to the motions of the particles, is of the order
of 1 W). A digital camera is situated perpendicularly to the laser sheet and its CMOS sensor focused on a 12.8 mm
width and 8 mm height ﬁeld of view by using an appropriate macro lens (a slightly larger ﬁeld of view is obtained in
some cases). Such a set-up enables us to use the PTV technique for the measurement of Lagrangian quantities in a
plane parallel to the counterﬂow direction, in the middle of the experimental volume, i.e., as far as possible from its
boundaries. The vertical thermal counterﬂow is generated by a ﬂat square heater of sides slightly smaller than 50 mm,
placed on the bottom of the optical tail (a ﬂat square heater of about 25 mm sides is instead placed on the bottom of
the smaller glass channel).
The experimental protocol is as follows. Once liquid helium is transferred into the cryostat, a pumping unit is used
to lower its temperature. The gaseous mixture is then injected and the helium bath stabilized at a chosen temperature.
As the particles are not neutrally buoyant, images are recorded before switching on the heater, in order to estimate
their settling velocities and dimensions. The heater is then switched on, images collected at different heat ﬂuxes, at
50 fps (some movies are recorded at 100 fps), and the particle tracks calculated [12]. The corresponding particle
velocities in the horizontal and vertical direction are estimated by purpose-made computer codes, developed by us;
for further details see [11].
3. Results and discussion
The probability density function (PDF) of the horizontal velocity u of micrometer-sized deuterium particles is
displayed in Fig. 1 as a percentage of the total number of points of the tracks having at least ﬁve points, at different
values of temperature T and applied heat ﬂux q (the instantaneous velocity is divided by the corresponding standard
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deviation usd in order to obtain a more meaningful comparison).
The normalized velocity distribution is strongly non-Gaussian, with power-law tails of approximately |u/usd |−3
form, and is therefore consistent with the law reported to be valid in decaying thermal counterﬂow [8]. It is then
conﬁrmed that, as suggested in [11, 13], the power-law velocity distribution is a feature of steady-state thermal coun-
terﬂow, too.
This power-law shape of the velocity distribution tails has been linked to vortex reconnections [8], even though it
can be also obtained when vortex reconnections do not occur, such as in classical systems of vortex points [14]. The
non-Gaussian velocity distribution can however be seen as a fundamental property of quantum turbulence, supporting
the quantum mechanical description of superﬂuid 4He as a tangle of quantized vortices. Besides, it clearly distin-
guishes quantum ﬂows from classical turbulent ﬂows, which are usually characterized by nearly Gaussian velocity
distributions. A quasi classical behavior can indeed be recovered at length scales larger than the average distance 
between quantized vortices [13, 15].
The particle sizes are here of few micrometers, i.e., about one order of magnitude smaller than . On the other
hand, the average distance traveled by the particles between frames is of the order of , the average particle velocity
being of few mm/s, and this means that the ﬂow is here studied at length scales comparable to the average distance
between quantized vortices. It is indeed evident from Fig. 1 that most particles follow a classical-like behavior as the
distribution core has a Gaussian shape, in contrast to the power-law tails. It could then be said that  is the length
scale indicating the transition from classical-like to quantum behavior in thermal counterﬂow of superﬂuid 4He. It
follows that, at smaller length scales, more pronounced non-Gaussian tails, with less evident classical cores, should
be obtained, as shown in computer simulations [15].
Note that the magnitude of the experimentally obtained maximum velocity, of about 20 mm/s, is also consistent
with the quantum mechanical description of He II. Such a velocity can indeed be estimated as the ratio of the quantum
of circulation κ  10−3 cm2/s and smallest particle size D  (1−2) μm, that is, as the ﬂuid velocity v  κ/(2πr) at
a distance r = D/2 from the vortex core. This can be seen as further conﬁrmation of the soundness of the presented
results.
The distribution of the instantaneous vertical velocity v of the solid deuterium particles displays a similar power-
law behavior, at large enough values of velocity. It is however less clear than the corresponding horizontal velocity
distribution, depicted in Fig. 1, even though it appears to be deﬁnitely non-Gaussian, as already shown in [11]. This
can be explained by considering that the vertical component of the velocity is dominated by the imposed counterﬂow
velocities (the normal ﬂuid component of He II ﬂows upwards, away from the heater, while the superﬂuid component
ﬂows downwards, towards the heater). It is therefore expected that clearer |v/vsd |−3 power-law tails, where vsd is the
standard deviation of v, should be obtained for larger data sets, in steady-state thermal counterﬂow.
Once the particle trajectories and velocities are calculated, it is also possible to compute the velocity differences
along the tracks, as a function of the time delay τ , and the corresponding ensemble averages, i.e., the Lagrangian
velocity structure functions of order p,
SpV (τ) = 〈[V (t+ τ)−V (t)]p〉, (1)
where t is the time andV indicates the velocity, which here can be u, the horizontal velocity, or v, the vertical velocity;
e.g., see [16, 17] and references therein for further details on Lagrangian velocity structure functions.
Fig. 2 displays the PDF of the Lagrangian structure function of order 1, S1u(τ), of the horizontal velocity, u, divided
by the corresponding standard deviation, Ssd , at T = 1.75 K and q = 590 W/m2. It is apparent that, as the time delay
τ increases, the distribution changes from a strongly non-Gaussian shape to a nearly Gaussian one. This is consistent
with results obtained in classical turbulent ﬂows, see, e.g., Fig. 3 in [18], and consequently quite surprising.
The PDF of S1u(τ)/Ssd at τ = 0.02 s can be seen as proportional to the normalized distribution of the particle
accelerations in the horizontal direction. The former could then be approximated by the same stretched exponential






where a= S1u(τ)/Ssd and the PDF is expressed as a percentage of the total number of points; β = 0.513, σ = 0.563 and
γ = 1.600 [19]. The constant C = 21.990 is 30 times larger than that employed in [19], where the PDF is normalized
83 M. La Mantia et al. /  Procedia IUTAM  9 ( 2013 )  79 – 85 
Fig. 2. (Color online) Probability density function PDF, shown as a percentage of the total number of points, of the normalized Lagrangian
structure function of order 1 S1u(τ)/Ssd of the horizontal velocity u, where Ssd is the standard deviation of S1u(τ), at temperature T = 1.75 K,
heat ﬂux q = 590 W/m2, and average distance between quantized vortices  = 72 μm. Black squares: time delay used to calculate the velocity
differences τ = 0.02 s and 134459 points; red circles: τ = 0.2 s and 102879 points, shifted below by two orders of magnitude, compared to
τ = 0.02 s, for the sake of clarity; green triangles: τ = 1 s and 34648 points, shifted below by two orders of magnitude, compared to τ = 0.2 s;
blue line: power-law ﬁt 2|S1u(τ)/Ssd |−3 of the data at τ = 0.02 s; dashed orange line: stretched exponential ﬁt [19] at τ = 0.02 s; dashed magenta
line: Gaussian ﬁt at τ = 1 s.
differently. Using similar values of the coefﬁcients, obtained at Reλ = 970 [19, 20, 21], does not signiﬁcantly alter
the the statement that the observed velocity differences follow a classical-like behavior. However, the distribution at
τ = 0.02 s can also be ﬁtted quite well by the power law 2|S1u(τ)/Ssd |−3, which, as Eq. (2), has not a clear physical
interpretation, being merely a representation of experimental data, in contrast to the velocity distributions that, as
mentioned above, can be explained on physical grounds [8, 14].
The reason why the quantum nature of thermal counterﬂow does not appear evident from the velocity difference
normalized distributions plotted in Fig. 2 remains unknown, even though at the same probed length scales its quantum
signature is apparent from the velocity distributions. Note however that Eq. (2) appears to be closer to the experimental
data in the proximity of the distribution core, similarly to the velocity distributions, which have a Gaussian, classical-
like core and power-law tails. We could therefore argue that in the range of investigated parameters it might be difﬁcult
to distinguish between classical-like and quantum behavior from the acceleration distributions as these may follow
similar laws, while the classical and quantum laws obtained for the velocity distributions are signiﬁcantly different.
The outcome also shows that the current data sets are probably not large enough to reach a ﬁnal conclusion on
the statistical behavior of velocity differences in thermal counterﬂow of superﬂuid 4He, even though the evidence
of classical-like behavior seems to be quite robust, as analogous results are obtained at other temperatures and heat
ﬂuxes. Similarly, Lagrangian velocity structure functions of higher order are not presented here as convergence could
not be achieved, due to the limited sizes of the data sets.
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4. Conclusions and future work
It was conﬁrmed that the quantum nature of thermal counterﬂow of superﬂuid 4He, at length scales comparable to
the average distance between quantized vortices, is evident from the corresponding velocity distributions. They are of
strongly non-Gaussian form, with power-law tails, in contrast to those of nearly Gaussian shape typically obtained in
classical turbulent ﬂows. It was also shown that at the probed length scales the distributions of the velocity differences,
reported here for the ﬁrst time, display an unexpected classical-like behavior.
These results represent a clear call that larger data sets should be collected, at larger frame rates, in order to probe
quantum turbulence at length scales signiﬁcantly smaller than the average distance between quantized vortices, where
classical and quantum ﬂows are expected to be fundamentally different (these studies are in progress and will be
published elsewhere).
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